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Abstract 

Let U be a simple vertex operator algebra and G a finite automorphism group 
of V such that is regular. It is proved that every irreducible U^^-module occurs 
in an irreducible ^(-twisted U-module for some g £ G. Moreover, the quantum 
dimensions of each irreducible U*^-module are determined and a global dimension 
formula for V in terms of twisted modules is obtained. 


1 Introduction 

This paper deals with general orbifold theory. More precisely, we are trying to under¬ 
stand the representation theory for the hxed point vertex operator subalgebra of a vertex 
operator algebra under the action of a hnite automorphism group. Let U be a rational 
vertex operator algebra and G a hnite automorphism group of V. The well known orbifold 
theory conjecture says that is rational and every irreducible C^-module occurs in an 
irreducible ^f-twisted U-module for some g £ G. Proving this conjecture is dehnitely the 
major task in orbifold theory. 

The appearance of the twisted modules is the main feature of the orbifold theory. 
The twisted modules for lattice vertex operator algebras were constructed and stud¬ 
ied in |FLMlj . [L], |FLM2j . |DL2]. The abstract twisted representation theory such 
as 5 f-rationality and classihcation of irreducible ( 7 -twisted U-modules were investigated in 
|DLM4j in terms of Zhu’s algebra [Zj, and extended further in |DLM5j . |DLM 6 j . [MTj . 
The number of inequivalent irreducible ( 7 -twisted U-modules was determined if U is g- 
rational and Uo-cohnite using the modular invariance of trace functions in orbifold theory 
|DLM7] . 

Motivated by the orbifold theory conjecture, decomposition of U into a direct sum of 
irreducible U'^-modules was initiated in [DM] and |DLM2j . It was shown that G and 
form a dual pair on U in the sense of IHD-IHa and a Schur-Weyl duality was obtained. 
The decomposition of an arbitrary irreducible 77 -twisted U-module into a direct sum of 
U'^-modules was achieved in 1DY| and [MTj . In other words, the irreducible U'^-modules 
occurring in all irreducible twisted modules were classihed. 
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We establish in this paper that if is rational, C' 2 -cohnite and the weight of any 
irreducible ^f-twisted V module except V itself is positive then every irreducible 1/'^- 
module is a Id'^-submodule of irreducible twisted Id-module for some g E G. This result 
reduces the orbifold theory conjecture to the rationality of The main tool we use to 
prove the result is the modular invariance of trace functions [Z], |DLM7j . This explains 
why the C 2 -cohniteness is necessary. The assumption that any irreducible twisted Id- 
module has a positive weight except the vertex operator algebra itself holds for the most 
well known rational vertex operator algebras. This assumption will allow us to use the 
tensor product and related results given in [H], |DLN] . 

We compute the quantum dimensions of any irreducible ^f-twisted Id-module and any 
irreducible ld*^-niodule. The quantum dimension for a Id-module was dehned and studied 
in [D.TXj to have a full Galois theory Id*^ C Id [DM] . |HMT] where the quantum dimen¬ 
sion qdimyG Id plays the role that the ordinary dimension plays in the classical Galois 
correspondence. The quantum dimensions of the irreducible modules are the important 
invariants of V and the product formula qdimy(M Kl N) = qdimy MqdimyA^ for any 
Id-modules M, N is very useful in computing the fusion rules. An explicit relation be¬ 
tween the quantum dimension of an irreducible 5 ^-twisted fd-module M and the quantum 
dimension of an irreducible Id^-submodule of M is given. 

We also hnd several interesting formulas on the global dimension of V. The global di¬ 
mension is dehned to be the sum of the squares of the quantum dimensions of the inequiv¬ 
alent irreducible Id-modules |DJX] . The global dimension, in fact, is the Frobenius-Perron 
dimension of the Id-module category UNO], 0 and |D,TX] . It was established in [D.TXj 
that the global dimension glob(Id) is equal to where Syv is an entry of the F-matrix 

^v,v ’ 

associated to Id The entry of the S'-matrix associated to Id*^ for any irreducible 

Id'^-module W is determined in this paper. It turns out that Syaya = This leads 

to the well known formula glob(Id‘^) = |Gpglob(Id) which was known using the category 
theory p|, [DMNO] . [KO] . [ENOj (see Theorem 2.9 of [AD.TR j ). The same formula also 
appears in the setting of conformal nets in [Xj and [KLXj . Moreover, we discover that 
|G| glob(Id) is a sum of squares of the quantum dimensions of all irreducible ^f-twisted 
modules where g runs through G. This suggests a stronger result that for any automor¬ 
phism g oiV of hnite order, glob(Id) is a sum of squares of the quantum dimensions of 
the irreducible twisted Id-modules. A proof of this result involves with the fusion rules 
and the S'-matrix of Id*^ with G being the cyclic group generated by g. 

The paper is organized as follows. In Section 2, we dehne twisted modules, g- 
rationality following [DLM4| . We also review some results used in this paper for ^f-rational 
vertex operator algebras and the modular invariance of trace functions from [DLM7j . The 

transformation of these functions by the S' = ( ^ an essential role in the 


computation of the quantum dimensions and the global dimensions. In Section 3, we 
hrst review the irreducible Id'^-modules occurring in irreducible gf-twisted modules from 
[DLM2] . [DY] and [MTj . We then establish that these modules are complete by showing 
that ZyG{v^ (see the dehnition of Zyai^v, in Section 2) is a linear combination of 
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t) where W runs through the inequivalent irreducible Id'^-modules occurring 
in irreducible ^f-twisted modules for g E G. Section 4 is devoted to the study of quan¬ 
tum dimensions and global dimensions. First, the quantum dimension of any irreducible 
^f-twisted module M is computed by using the F-matrix. The quantum dimension of 
any irreducible Id^-submodule of M is obtained using the quantum dimension of M. This 
leads to a global dimension formula of V in terms of quantum dimensions of all irreducible 
twisted modules. We explain these results using the Heisenberg vertex operator algebras, 
the rank one lattice vertex operator algebras and the tensor product of vertex operator 
algebras. In Section 5 we show that for any automorphism of H of hnite order, glob(H) 
is a sum of squares of the quantum dimensions of the irreducible twisted H-modules. 
As an application we prove that if V is holomorphic and G is a cyclic group, then ev¬ 
ery irreducible H'^-module is a simple current. We also show the H'^-module category is 
equivalent to the i5(G)-module category as tensor categories where D{G) is the Drinfeld 
double associated to G. 


2 Preliminary 

The various notions of twisted modules for a vertex operator algebra following |DLM4] are 
reviewed in this section. The concepts such as rationality, regularity, and G 2 -co£niteness 
from [Z] and |DLM3] are discussed. The modular invariance property of the trace functions 
in orbifold theory from [Z] and |DLM7j are also given. 

2.1 Basics 

Let V he a. vertex operator algebra and g an automorphism of V of hnite order T. Then 
H is a direct sum of eigenspaces of g : 

0 V, 

r^Z/TZ 

where = {v E V\gv = We use r to denote both an integer between 0 and 

T — 1 and its residue class mod T in this situation. 

Definition 2.1. A weak ^f-twisted H-module M is a vector space equipped with a linear 
map 

Ym-.V ^ (EndM)[[zi/'^,z-'/^]] 

V !-)■ Ym{v,z) = ^ {Vn E EndM), 


3 








which satisfies the following: for all 0 < r < T — 1, u G , u G V, w G M , 

Ym{u,z)= ^ 

71^ ^ 

Uiw = 0 for I ^ 0, 

^m(1, z) = Mm, 

Ym{u,Zi)Ym{v,Z2) - Ym{v,Z2)Ym{u,Zi) 

= zf^ h YmIY{u, zo)v, Z2), 

where 6{z) = binomial expressions (here and below) are to be expanded 

in nonnegative integral powers of the second variable. 

Definition 2.2. A gf-twisted id-module is a C-graded weak g-twisted V-module M : 

M = 0Ma 
agc 

where Mx = {w E M\L{0)w = Aw} and L(0) is the component operator ofY{oj,z) = 
We also reguire that dimM^ is finite and for fixed A, M^^x = 0 for all 
small enough integers n. 

If w E Mx we refer to A as the weight of w and write A = wtw. 


We use to denote the set of nonnegative integers. 


Definition 2.3. An admissible g-twisted V-module is a ^h^-graded weak g-twisted V- 
module M : 

M= 0 M(n) 




satisfying 

VmM(n) C M{n -\- wtn — m — 1) 
for homogeneous v E V, m,n E |:Z. 


If = Idy we have the notions of weak, ordinary and admissible id-modules |DLM3] . 
If M = M{n) is an admissible ( 7 -twisted id-module, the contragredient module 

M' is dehned as follows: 


where M{n)* 


M'= 0 M{n)\ 

Homc(M(n), C). The vertex operator YM'{a,z) is dehned for a G id via 
{YMfia,z)f,u) = {f,YM{e^^‘^^\-z~‘^)^^°'^a,z~^)u), 


where (/, w) = f{w) is the natural paring M' x M —)■ C. It follows from [FHL] and |X] that 
{M',Ym') is an admissible (/“^-twisted id-module. We can also dehne the contragredient 
module M' for a ^f-twisted id-module M. In this case, M' is a ^'“^-twisted id-module. 
Moreover, M is irreducible if and only if M' is irreducible. 
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Definition 2.4. A vertex operator algebra V is ealled g-rational, if the admissible g- 
twisted module category is semisimple. V is ealled rational ifV is 1-rational. 

There is another important concept called C 2 -cofiniteness [Z]. 

Definition 2.5. We say that a vertex operator algebra V is C 2 -cofinite if VjC^fy) is 
finite dimensional, where C 2 {y) = {v- 2 u\v,u G V). 

The following resnlts abont ^f-rational vertex operator algebras are well-known jDLM4] , 
|DLM7] . 

Theorem 2.6. IfV is g-rational, then 

(1) Any irreducible admissible g-twisted V-module M is a g-twisted V-module. More¬ 
over, there exists a number A G C such that M = ©„gj_z+^A-i-n where Mx ^ 0. The A is 
called the conformal weight of M; 

(2) There are only finitely many irreducible admissible g-twisted V-modules up to iso¬ 
morphism. 

(3) IfV is also C 2 -cofinite and g^-rational for all i > 0 then the central charge c and 
the conformal weight A of any irreducible g-twisted V-module M are rational numbers. 

Definition 2.7. A vertex operator algebra V is called regular if every weak V-module is 
a direct sum of irreducible V-modules. 

A vertex operator algebra V = (BnezVn is said to be of CFT type if 14 = 0 for 
negative n and Vq = Cl. It is proved in |ABD] that if V is of CFT type, then regnlarity 
is eqnivalent to rationality and C' 2 -cofiniteness. Also V is regnlar if and only if the weak 
modnle category is semisimple jPYu] . 

2.2 Modular Invariance 

Let V he a vertex operator algebra, g an antomorphism of V of order T and M = 
®ne-z+^A+n a (y'-twisted lA-module. 

!^or any homogeneons element n G C we define a trace fnnction associated to v as 
follows: 

Zm{v, q) = Vm ^ trM;,+„ o(n)g" 

where o{v) = v{wtv — 1) is the degree zero operator of v. This is a formal power series 
in variable q. It is proved in [Z] and |DLM7] that ZM{v,q) converges to a holomorphic 
fnnction on the domain |g| < 1 if 1/ is C 2 -cofinite. We also use Zm{v,t) to denote the 
holomorphic function Zm{v, q). Here and below r is in the complex upper half-plane El 
and q = . 

Note that if n = 1 is the vacuum then is the formal character of M. We 

simply denote Zm( 1,Q') and Zm{I,t) by XM^q) and Xm{t), respectively. XM^q) is called 
the character of M. 
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To proceed further, we need the action of Aut(fd) on twisted modules |DLM7j . Let 
g,h he two automorphisms of V with g of hnite order. If (M, Ym) is a weak twisted 
Id-module, there is a weak h“^ 5 fh-twisted Id-module (M o h, Ymoh) where M o h = M as 
vector spaces and 

yMoh{v,z) = YM{hv,z) 

for u G Id. This dehnes a left action of Aut(ld) on weak twisted Id-modules and on 
isomorphism classes of weak twisted Id-modules. Symbolically, we write 

(M, Ym) oh = {M oh, Ymoh) = M o h, 

where we sometimes abuse notation slightly by identifying (M, Ym) with the isomorphism 
class that it dehnes. 

li g,h commute, h clearly acts on the ( 7 -twisted modules. Denote by ^{g) the equiva¬ 
lence classes of irreducible ( 7 -twisted Id-modules and set ^{g, h) = {M e ^{g)\ho M = 
M}. Note from Theorem 12.61 that if Id is ( 7 -rational, both ^{g) and ^{g,h) are hnite 
sets. For any M G ^{g, h), there is a ( 7 -twisted Id-module isomorphism 

(p{h) : M o h —)■ M. 

The linear map (p{h) is unique up to a nonzero scalar. If h = 1 we simply take 93 ( 1 ) = 1. 
For n G Id we set 

Zm{v, {g, h),T) = tr^ o{v)ip{h)qy°yy^^ = ^ tr^^^^ o{v)ip{h)q^ 

which is a holomorphic function on H |DLM7j . Note that Zm{v, {g, h), r) is dehned up to 
a nonzero scalar. It is evident that if h = 1 then Zm{v, {g, 1), r) = Zm{v, t). 

In the rest of this paper we assume the following: 

(VI) Id = ©n>oKi is a simple vertex operator algebra of CFT type, 

(V2) G is a hnite automorphism group of Id and Id^ is a vertex operator algebra of CFT 

type, 

(V3) Id*^ is G 2 -cohnite and rational, 

(V4) The conformal weight of any irreducible g twisted Id-module for g & G except Id 
itself is positive. 

The following results are obtained in [ABD] . |AD,TR,] and |HKL] . 

Lemma 2.8. Let Id and G be as before. Then 

(1) V is G 2 -cofinite, 

(2) V is g-rational for all g E G. 


6 














There is another vertex operator algebra {y,Y[ ],l,£h) associated to Id in [Z]. Here 
Cj = uj — c/24 and 

Y[v,z] = Y{v,e^ - 

nGZ 

for homogeneous v. We also write 

nEZ 

If n G Id is homogeneous in the second vertex operator algebra, we denote its weight by 
wt [n]. 

Let -P(G) denote the ordered commuting pairs in G. For {g, h) G P{G) and M G 
h), Zm{v, {g, h), r) is a function on Id x H. Let IF be the vector space spanned by 
these functions. It is clear that the dimensional d of IF is equal to J2{g h)€P{G) \‘^i9y ^)l- 
We now dehne an action of the modular group F on IF such that 

ZmU{v, {g, h),T) = {cT + {g, h),jT), 

where 

"=(c = (2.1) 

We let 7 G F act on the right of P{G) via 

(g,hy, = (g^h^gV). 

Using Lemma [2.81 we have the following results |DLM7] : 

Theorem 2.9. (1) There is a representation p : F —)■ GL{W) such that for {g, h) G P{G), 
7 =(^^ ^^GF, and M G ^{g, h), 

ZMU{v,{g,h),T) = 'yM,NZN{v,{g,h)'y, t) 


where p{'y) = (7 m,at)- That is, 

Zm{v, {g, h),jT) = {cT + Y 1m,nZn{v, (p, h)7, r). 

N(g^-h^^ ,g^hd-) 

(2) The cardinalities \^{g,h)\ and \^{g°‘h^, g^h'^)\ are equal for any {g,h) G P{G) 
and 7 G F. /n particular, the number of inequivalent irreducible g-twisted V-modules is 
exactly the number of irreducible V-modules which are g-stable. 
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Remark 2.10. There are two special cases most in the present paper: // 7 = S' = 
^ we have: 

Zm{v, --) = V Sm,nZn{v, (1, <?-'), r) (2.2) 

'T , 

for M e ^{g) and 

= Sn,mZm{v,t). (2.3) 

Since we are dealing with various vertex operator algebra, we use for ^{1). The 
matrix S = {Sm,n)m,n&j^v called S'-matrix of V and is independent of the choice of 
vector V. 


0 -1 

1 0 


2.3 Fuison rules and Verlinde Promula 


Let V be as before and M,N,W G ^v- The fusion rule is dim Jy 


W \ 
M N I ’ 


where Jy 


W 

M N 


is the space of intertwining operators of type 


W 

M N 


Since V is rational there is a tensor product Kl of two Id-modules [HLlj - pL3j such 
that if M, N are irreducible then M ^ N = The irreducible Id-module 

is called a simple current ii M ^ N is irreducible again for any irreducible module N. 
The following Verlinde formula was proved in [H] . 


Theorem 2.11. Let V be as before. Then 

(1) {S~^)m,n = Sm,n> = Sm>,Ni o^n^d Sm',n' = Sm,n'-, 

(2) S is symmetric and 8“^ = {Sm,n')', 

z'o) atW _ 

^^M,N — l^Ue.^v Sv,u ’ 

(4) The S-matrix diagonalizes the fusion matrix F{M) = More ex¬ 

plicitly, S~^F{M)S = diag( ) Afg^y . In particular, Sv,n 7 ^ 0 for any N. 

We also have jPLN] : 


Proposition 2.12. The S-matrix is unitary and Sv,m = Sm,v is positive for any irre¬ 
ducible V-module M. 


A simple current M has order n > 0 if n is the least positive integer such that = V. 
In fact, the simple currents form an abelain group with product Kl and n is exactly the 
order of M in this group. 

0 

Lemma 2.13. If M is a simple current of order n then is a n-th root of unity for 
any irreducible V-module N. Moreover, F{M^^) = F{MY for any integer r. 











Proof. Consider the vector space with a basis The Kl makes this space a module for 
the group of simple currents. The corresponding matrix of M with respect to the basis 
is exactly F{M). So the eigenvalues of F{M) are the n-th root of unity. The 

relation F{M^^) = F{MY is clear. □ 

3 Classification of irreducible modules for 

In this section we give a classihcation of irreducible modules of and show that any 
irreducible module occurs in an irreducible ^f-twisted C-module for some g E G. 

Let M = {M,Ym) be an irreducible ^f-twisted C-module. We dehne a subgroup Gm 
of G consisting of h E G such that M o h and M are isomorphic. As we mentioned in 
Section 2 there is a projective representation h i—)■ 0(h) of Gm on M such that 

(j){h)YM{v, z)(j){h)~^ = YM{hv, z) 

for h E Gm and v E V. Let ay/- be the corresponding 2-cocycle in C^). Then 

(j){h)(j){k) = aM^h, k)(l){hk) for all h,k E Gm- We may assume that ay? is unitary [C]. 
That is, there is a hxed positive integer n such that aM{h, kY = 1 for all h,k E Gm- Let 
C"^[Gyf] = the twisted group algebra with product hk = aM{h, k)hk. It 

is well known that C“*f[Gyf] is a semisimple associative algebra. It follows that M is a 
[Gyf]-module. 

Note that Gm is a subgroup of Gcig)- We claim that g lies in Gm- From the dehnition, 
M has a decomposition M = ©„g^z+Tf(n) and M(0) Y 0- We dehne (f){g) acting on M{n) 
as for all n. It is easy to check that 

0(5')FM(n,2;)0(5')"^ = YM{gv,z) 

for V E V. This implies g E Gm- For r = 0,...,T — 1 let = ©„g^_,_zTf(n). Then 
M = and each M'' is an irreducible 1/^^Lniodule. Clearly, (f){g) acts on each M'’ 

as constant This fact will be useful later. 

Let he the set of all irreducible characters A of C"^[G'y/-]. Denote the corre¬ 

sponding simple module by Wx. Using the fact that M is a semisimple [Gy^j-module, 
we let be the sum of simple [Gyf]-submodules of M isomorphic to W\. Then 

M = ©agAg . 

Moreover, = Wx ® Mx where Mx = homc“M[GM](hFA, M) is the multiplicity of Wx in 
M. As in [DLM2j . we can, in fact, realize Mx as a subspace of M in the following way. 
Let w E Wx be a hxed nonzero vector. Then we can identify homc^M [GM](hFA,M) with 
the subspace 

{f{w)\f E homc-M[GM](WA,M)} 
of M^. This gives a decomposition 

M = ©agAg^..^Wa©Ma (3.1) 

and each Mx is a module for vertex operator subalgebra U^*^-module. 
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Theorem 3.1. With the same notation as above we have: 

(1) is nonzero for any X G Acj^^om- 

(2) Each Mx is an irreducible -module. 

(3) Mx and My are equivalent -module if and only if X = 'j. 

The proof of this theorem is similar to that of Theorem 5.4 of |DY] using the twisted 
associative algebras Ag^n{V) |DLM5] . |DLM6] . We refer the reader to [DYj for details. 

Recall that the group G acts on set S = id) and M oh and M are isomorphic 

Y'^-modules for any h E G and M G iS. It is clear that the cardinality of the G-orbit 
MoG of M is [G : Gm]. 

The following result comes from [MT] (also see [DLM2j . |DYj ) which is a generalization 
of Theorem 13.11 

Theorem 3.2. Let g,h E G, M an irreducible g-twisted V-module, N an irreducible h- 
twisted V -module. Also assume that M, N are not in the same orbit of S under the action 
ofG. Then 

(1) Each Mx for X E is an irreducible -module. 

(2) Eor any X E Aq^^om T ^ irreducible -modules Mx and Ng are 

inequivalent. 

This result gives a complete classihcation of irreducible R*^-modules occurring in the 
irreducible twisted Y-modules for g E G. We now use the modular invariance to prove 
that these irreducible R*^-modules are the all irreducible R'^-modules. 

Theorem 3.3. Any irreducible -module is isomorphic to Mx for some irreducible g- 
twisted V-module M and some X G AGM,aM- 

Proof. Recall from Section 2.2 about the S'-matrix for vertex operator algebra V^. We 
know that 

Zvg{v ,—) = ^ Svg^wZw{v,t) 

for V E and Zw{v,t) are linearly independent |Z]. According to [H], S'yc ^ ^ 0 for 
all W. So it is enough to show that —i) is a linear combination of Zw{v, r) 

for W occurring in irreducible twisted R-modules. 

From the dehnition of Zyalpj, r) we know that for v E 

Zvg{v,t) = ■-^^Zv{v,{l,g),T). 

' ' g&G 

Using fl2.3p and the orthogonality property of the irreducible characters of G gives 

ZyG(n,--) =^ Sv,mZm{v,t). 

g^G AlG^{g) 
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By Theorems 13.11 and 13.21 


Zm{v,t)= ^ dimlTA^M;,(^^,T) 


and the proof is complete. □ 

Remark 3.4. In the proof of Theorem E3 we did not use the assumption (Vf), but we 
did need to assume that is self-dual. 

The following resnlt is an immediate consequence of Theorem 13.21 and assumption 
(V4). 

Corollary 3.5. The weight of every irreducible V'^-module is positive except itself. 

This result allows us to use various results on the quantum dimensions for vertex 
operator algebra |DJX] . 

We now discuss the modularity of Zm{v, {g, h),T). Recall from |DLN] that for any 
V E V, and A G is a modular form of weight wt[n] over a congruence 

subgroup A of T. 

Proposition 3.6. Let V, G, g, be as before. Then for any v E V and h E Gm, 
Zm{v, {g, h),T) is a modular form of weight wt[r] over A. In particular, Xm{t) is a mod¬ 
ular function on A. 

Proof. Using the decomposition we see that 

ZM{v,{g,h),T) = ^ A(h)ZM;,(n,r). 


The result follows. □ 

4 Quantum dimensions 

In this section we compute the quantum dimensions of the irreducible gf-twisted U-modules 
and irreducible U^-modules. We also obtain relations between the global dimensions of 
V and and the global dimension of V and the quantum dimensions of irreducible 
(/-twisted U-modules. 

4.1 Definition 

Let V and G be as before. Let g E G and M a ^f-twisted U-module. Then M is a finite 
sum of irreducible ^f-twisted U-modules. In particular, each homogeneous subspace of M 
is hnite dimensional. 
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From the discussion before we know Xv{^) smd XmIt) are holomorphic functions on 
HI. The quantum dimension of M over V is dehned to be 


qdimy M 


y Xm{w) 

hm-—— 

y^o xv{iy) 


where y is real and positive. In the case g = 1 this is exactly the dehnition of the quantum 
dimension of a Id-module given in |DJXj . Alternatively, we can dehne quantum dimension 
as 

V 1- chqM 

qdimy M = hm —^- 

q^l- Chq V 


using the relation q = 

Note that it is not obvious that the qdim^ M exists from the dehnition. But for any 
Id-module M, qdim^M always exists and is greater than or equal to 1 [DJX] . We will 
prove later that for any g and any ^f-twisted fd-module M, qdim^M always exists. It is 
clear that qdimy M is nonnegative. Also, qdimy(h o M) = qdimy M for any h ^ G and 
qdimy M = qdimy M'. 

We now see two examples. First consider the Heisenberg vertex operator algebra 
M(l) constructed from the vector space H of dimension d and with a nondegenerate 
symmetric bilinear form. The quantum dimension of any irreducible M(l)-module has 
been computed in |DJX] . We now consider the automorphism 9 of M(l) induced from 
the —1 linear map on H. Then M(l) has a unique irreducible ^-twisted module M{1){9) 
(see |FLM2] for the details). The following character formula for M{l){d) is well known: 


XM(i)(g) - XM(i)(0)(g) 


vigY 


where 

viq) = 

n>l 

Using the well known transformation formula 


rii-l/r) = (-ir)^/2^(r) 


gives 


qdim„|„Af(l)(e)=lim^|U 

(^) 2 d 

T • ^ ly ' 

- I 1 ^_ 


= lim 

y^oo 


{2y)ig{2iyY 


=oo. 
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Note that both M(l) and the 0-invariants M(l)+ are not rational and inhnitely many 
irreducible modules. Although the results later on quantum dimensions do not apply to 
M(l) and M(l)+. But they may explain why qdimjy^^j^^ M(1)(0) is inhnity. 

Our second example is the lattice vertex operator algebra Vl where L = "La is an 
even positive dehnite lattice with [a, a) = 2k for k > 1. We know from inn and [DLM3j 
that Vl is rational and irreducible modules are Vi+^a for r = 0, 2k — 1. Again the —1 
isometry of L induces an automorphism of Vl- In this case Vl has exactly two irreducible 
0 -twisted modules V^' = M(1)(0) ® Ti for z = 0,1 where Ti = C are 1-dimensional 
Za-module such that a acts as (—1)* |FLM2j . |D2] . 

We know again from [DJX] that each irreducible Vl+^o has quantum dimension 1. 
The character of Vl is given by 


xvAq) 


^L{q) 

r]{q) 


where the theta function is dehned as 


-^{na,na)/2 qn^k 


^Liq) = 

n^'L n^'L 


with the transformation law 


0 L(-l/r) = ^(-zr)^/20io(r) 
[S]. Notice that L° = ^L,a is the dual lattice of L. Thus 


qdimy V^^ = lim 




0L{iy)ri{^) 

v{ 


= lim 


2 
ly ) 




l'^L^~eL°{iy)ri{2.iy) 

=Vk. 


In both examples we use the transformation law of certain modular forms to compute 

rp 

the quantum dimension. But the quantum dimension qdimy^ * will also follow a general 
result on rational vertex operator algebra. 


4.2 Quantum dimensions of twisted modules 

The existence of the quantum dimension for a twisted Id-module is established in this 
subsection. In fact we give a explicit formula of the quantum dimension in terms of the 
S'-matrix. 

Proposition 4.1. Let V and G he as before, and M a g-twisted V-module for some g & G. 
Then qdimy M exists. If M is irreducible then qdimy M = . 
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Proof. The proof is similar to that of Lemma 4.2 of |DJXj . Since M is a direct sum 
of hnitely many irreducible ^f-twisted Id-modules, we can assume that M is irreducible. 
Using fl2.2p with u = 1 we have 


qdimy M = lim 


XM{iy) 


Xviiy) 

Xm{-^) 


= lim 




= lim 

y—)-oo 


Sm,nZn ( 1 ,( 1 ,^ ^)py) 
^v,NXN{iy) 


S 


My 


S- 


v,v 


(4.1) 


where we have used the fact that = ^v,n as the conformal weight of 

N is positive if N V. D 


Remark 4.2. Although Syy > 0 IDLN^ . but it is not clear at this point that Sm,v 
is positive. We will show in the next subsection that Suy is always positive. In other 
words, qdimy M is always positive. 


4.3 Quantum dimensions of i/^-modules 

In this subsection we compute the quantum dimensions of irreducible U'^-modules 

We first need a result on the projective representations of a hnite group K. Let a be 
a unitary 2-cocycle of K. That is, a{a,b) G (k) for all a,b & K where k = Let 

K = K X (k). Then iL is a hnite group with product (a, k®)(6, k*) = {ab,a{a,b)K^~^^) for 
a,b ^ K and s,t e7j. Then K is a. central extension of K and the twisted group algebra 
C"[iL] can be regraded as the quotient of C[K] by identifying the abstract group element 
K with Let Xi,X 2 be two irreducible characters of C°‘[K]. 

Lemma 4.3. Let Xi,X 2 be two irreducible characters o/C“[iL]. The following orthogonal 
relation holds: ^ 

^5^Xi(a)X2(a) = <5x1,X2- 

' ' aeK 

Proof. We can regard xi, X 2 as irreducible characters of K in an obvious way. Then 

i Xi{.a)Xi{.i^yX2{a)k^ = 

I I aEi^,0<s<n—1 

The result follows immediately by noting that \K\ = n\K\. □ 

We are now in a position to compute the quantum dimensions of irreducible V^- 
modules. 
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Theorem 4.4. Let V,G,g be as before, M an irreducible g-twisted V-module and A G 
We have 


C _ dim ITa e 

\^m\ 

qdiniyG Mx = [G : Gm] dim Wx qdimy M. 

Moreover, qdimy M takes values in {2 cos > 3} U [2, cxd) and Suy is positive. 


(4.2) 

(4.3) 


Proof. Using Lemma [4.31 we see that 


'My,{v,T) = V ZM{v,{g,h),T)\{h) 


h^G M 


for V G . By Theorem 12.91 we have 


ZM,(n,-l/r) = ^r-dd ^ ^ (h, r)A(h). (4.4) 


|G 


M 


h£GM N£^{h,g 


On the other hand, 


ZM,(n,-l/r) = r"'dd ^ Sm„wZw{v,t). 

So we need to look for the coefficient of Zya{v, r) in the right hand side of equation fl4.4l) . 
From the decomposition 


and Theorems 13.11 we know that Zn{v, {h, g~^),T) = c is 

a linear combination. So if 7 ^ V, Zn{v, {h, g~^),T) does not contribute ZyG{v,T). If 
N = V then h = 1 and Gy = G, and Acy,av is the set of irreducible characters. The 
coefficient of ZyG{v,T) in Zy(r;, (1, r) is 1. As a result we see the coefficient of 
ZyG(r;,r) in T-'^W]Z]y^{v,-1 /t) is ^^^Sm,v- 

In the case that M = V and Mx = we see that SyGyG = j^Syy. It follows from 
Proposition 14.11 (also see the proof of Lemma 4.2 of |DJX] I that 

qdimyG Mx = = 4^4 dimvr;, *4^’^ = [G : Gm] dim IUa qdimy M. 

OyGyG \Gm\ h>V,V 

To prove that the inequality qdimy M lies in {2 cos > 3} U [2, cx)) we take G to be 
the cyclic group generated by g. We have mentioned already that Gm = G in this case and 
M is a G-module. Since G is abelian, any irreducible module is one-dimensional. Using 
fl4.3p and fact that qdimyG Mx belongs to {2 cos -|n > 3} U [2, cx)) [D.TXj concludes that 
qdimy M lies in {2 cos > 3} U [2, cx)). The positivity of 5 m, v follows from Proposition 
14.11 the positivity of Syy (see Remark 14.2p and qdimy M. The proof is complete. □ 
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We remark that equation fl4.3p also appears in the conformal net setting in Th. 4.5 of 

[KLX]. 

The following corollary is immediate by noting that \Gm\ = XIagAg (dimPhA)^. 
Corollary 4.5. We have 

qdimyG M = \G \ qdim^ M. 
for any irreducible g-twisted V-module M. 

Theorem l4.4l has been obtained previously in |DJX] with M = V. That is, qdim^G Vx = 

\G\ 

dimWA. We next explain the appearance of in the quantum dimension qdim^o Ma 
and its relation with a Schur-Weyl duality |DY] . |MT] . 

Recall S is the set of equivalent classes of irreducible ( 7 -twisted modules for g E G. We 
need to recall the construction of the hnite dimensional semisimple associative algebra 
74 q,(G,iS) dehned in [DY] , As we have mentioned already that G acts on S by sending 
(M, h) to M o h for h E G and M E S. Let M E S and x E G. Then there exists 
N E S such that N = Mox. That is, there is a linear map 4>n{x) : N ^ M satisfying the 
condition: 07 v(a:)YAr(n, z)(j)N{x)~^ = Ym{xv, z). By simplicity of N, there exists aN{y, x) E 
C* such that (t>M{.y)4>N{.x) = aN{y,x)(f)N{yx). Moreover, for x,y,z E G we have 

aN{z,yx)aN{y,x) = aM{z,y)aN{zy,x). 

Set CS = 0jy^g^Ce(M) dehne e{M)e{N) = Then CiS is an associative 

algebra. Let 

U{CS) = {Y,CMe{M)\cMeC*} 

Mes 

be the units of CiS. Then 

a{h,k) = aM{h, k)e{M) 

M£S 

lies in U{CS). It is easy to check that 

a{hk, l)a{h, k)^ = a{h, kl)a{k, 1) 


where 

a{h,ky = Y aM{h, k)e{M o 1). 

Mes 

So a G Y^(G, U{CS)) is a 2-cocycle. 

The associative algebra y4Q(G,iS) is dehned as C[G] $§ CS with multiplication 

a ® e(M) • b 0 e{N) = aN{a, b)ab ® e(M ■ h)e{N) 

for a,b E G and M, N E S. Then Aa{G, S) is a semisimple associative algebra. Moreover, 
(BngsN is an Aq,(G, iS)-module with the action: for M, N E S and w E N we set 

a ® e(M) • w = dM,N(t>M{a)w 
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where 0 Ar(a) : iV — )■ N ■a~^ [DYj . It is clear that the action of A^iG, S) and commute. 
For M ^ S we let Om = {N-x\x G G} be the orbit of N under G. It is clear that (BngOm^ 
is an ylo(G, iS)-submodule of ©ArG<s-^- 

Let M E S and set D{M) = (a®e(M)|a G G) and S{M) = (a®e(M)|a G Gm)- Then 
both D{M) and S{M) are subalgebras of Aa{G^S) and S{M) is isomorphic to €A^[Gm\- 
Moreover, each Ind^^^^^^IFA is an irreducible ylQ,(G, iS)-module and 

0 ]V= 

NgOm 

as an 0 Y'^-module. It is easy to see that dimlnd^^^^^^IFA = [G : Gm] dimITA- 

Let for j G J be the orbit representatives of S. Then \ for j E J and 

A G give a complete list of inequivalent irreducible ^^(G, iS)-modules. So the 

associative algebra y4o(G,iS) and form a dual pair on 

0 ^ = E E 1”'*^ w-'a ® K . 

Nes jeJ agAg . c . 

M3 ’ M3 

By Theorem 14.41 we have 

Corollary 4.6. Let V, G, be as before, then pdim^o = dim(Ind^^^^^i’^^IFA) qdim^ ML 

From Theorem 13.31 and discussion above, we see that the module category is equiv¬ 
alent to the 74a(G, iS)-module category (here we only consider hnite dimensional modules 
for Al„(G,5)). From [HLT]-[HL3]. [H], the I/'^-module category if a modular tensor cat¬ 
egory. So y4Q,(G,iS) should be a bialgebra and its module category should be a modular 
tensor category. It is dehnitely interesting problem to find the coalgebra structure on 
y4Q,(G,iS) and dehne the tensor product in y4Q,(G,iS)-module category. This expected 
tensor product will be helpful in determining the fusion rules for 

Another problem is to how to define the intertwining operators among ^fj-twisted 
C-modules M* where Qi are any automorphism of V of hnite order. If gig 2 = g 2 gi and 
5'3 = 9 i 92 this was achieved in |DLMlj . But it is not clear how to carry this out in general. 
It seems necessary to have intertwining operators among gfj-twisted C-modules M* for the 
purpose of studying the fusion rules for . As in the untwisted case, the fusion rules 
among twisted modules should have connection with the quantum dimensions of twisted 
modules. 

4.4 Global dimensions 

In this subsection we give a relation between the global dimensions of V and 

First recall from |DJX] that the glob(I4) = is proved in |DJX] 

that glob(IA) = 

Lemma 4.7. We have the following relation: glob(I4‘^) = |Gpglob(IA). 
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Proof. By Theorem 14.41 we know that Syo ya = Thus 

glob(V'°) = -ji— = = |Gpglob(l/), 

JyGyG ^yy 


as desired. □ 


This result has been given in |AD,TR,] with a proof involving the category theory. 
The proof here uses the explicit expression of SyGyG. Toshiyuki Abe has independently 
obtained this result recently. 

Recall that the are the orbit representatives. Here is another formula about the 
global dimension of in terms of quantum dimensions of qdimy Mb 


Proposition 4.8. ITe have 


glob(l/«) = |Gp^ 




\G 


Mi \ 


-(qdimy 


(4.5) 


or another formula for the global dimension of V 

1 


giob(i/) = Y, 




\G 


(qdim^ 


(4.6) 


M3 \ 


Proof. It is clear from Lemma 14.71 that these two identities are equivalent. So we only 
need to prove the hrst identity. By Theorems 13.21 and 13.31 we know that the inequivalent 
irreducible modules are for j & J and A G Using Theorem 14.41 we know 

that 


^ (qdim^G M{f = 


X^A.Q . Q; 

^MJ ' MO 


\G 


Mi \ 


-(qdim^ M^Y 


Sum over j gives the desired result. □ 

The problem with fl4.6p is we need to use Gm which is not known in general. We 
can reformulate fl4.6p only using |G|. Recall S is the set of all inequivalent irreducible 
^f-twisted U-modules for g E G. 

Corollary 4.9. The following identity holds: 

|G|glob(U) = (qdimy M)^. 

Mes 


Proof. From fl4.6p we see that 

|G|glob(U) = : GM3]{qdimyMY^. 

j&J 
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Note that the G-orbit Omj has exactly [G : Gmj] irreducible twisted modules and all 
N G Omo have the same character Xn{t) = XMiij)) the same quantum dimension. Thus 

[G : Gmi (qdimyA^)^. 

Summation over the G-orbits gives the result. □ 

It is worthy to mention that the formula fl4.6p is true for any hnite automorphism 
group G as long as conditions (V1)-(V4) hold. It seems that this formula is new. 

Corollary 14.91 makes us believe that the following rehnement of Corollary 14.91 is true: 
Let C be a rational vertex operator algebra, then for any automorphism g of hnite order. 

glob(I/) = ^ (qdimyM)^. (4.7) 

So as far as the global dimension concerns, all the elements in the automorphism group 
of V of hnite orders have the equal weight. 

Proposition 4.10. Let g be an automorphism of V of order less than or equal to 2 and 
V satisfy conditions (Vl)-(Vf) with G being the cyclic group generated by g. Then 
is valid. 

Proof. If o{g) = 2, this is clear from Corollary 14.91 with G being the group generated by g. 
If o{g) = 3, there is a bijection from ^{g) to ^{g~Y by sending M to its contragredient 
module M'. It is well known that Xm{t) = Xm'{.'t)- So M and M' have the same quantum 
dimension. Using Corollary 14.91 with G being the cyclic group generated by g. 

If o{g) = 4, then fl4.7p is true for g'^. Using Corollary 14.91 gives 

2 glob(U) = E (qdimy M)^. 

M {g^) 

As before we have 

(qdimyM)^= ^ (qdimyM)^ 

M<£.jr{g) M£.^(g3) 

and the result follows. □ 

We will prove fl4.7p for general g in Section 5 as it involves more. 

Our next example comes from the cyclic permutation orbifolds from [BDMj . Let V be 
a simple, rational, G 2 -cohnite vertex operator algebra of CFT type such that the weight 
of any irreducible module is positive except for V itself. Let fc be a hxed positive integer. 
Then is a vertex operator algebra [FHL] satisfying the same conditions and the 
symmtric group Sk acts on naturally. Let g = (l,2,...,fc). By [ADJR] . 

glob(l/®‘) = glob(V')'- = 

^V,V 
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Let V = M^, M^,MP be the inequivalent irreducible Id-modules. There is a functor 
j-k category of Id-modules to the category of ^f-twisted Id^^-modules such that 

Tg{M) = M as vector space. Moreover, 

T 

Note that xv®*=ij) = XvijY ■ We now have the following standard computation 


qdimy®fc Tg{M^) 


hm- 

Xv®^ V) 

- / lu 

y^oo ^y(^-^)k 

y Yl^=o SM’>,M^XM^{iky) 

{Y7t=oSvM^XM^^{iy)Y 

Su^y 


where we have used the fact that 

XM^iky) 

- T~Xk = ^*.0 

y^°° xv{w) 


and 


XMH{iy) ■ ■ ■ XM^kiiy) _ ^ 

hs. yily - ."I 


as the weight of is positive except = Id This gives 


s=o s=o ^vy 


^ = glob(\/®‘) 


as X]s=o ^M^y — 1 [DJXj and |DLNj ). So fl4.7p is valid for Id®*^ and (1, 2,..., k). One 
can also verify that fl4.7p is true for fd®^ and any g E Sk using [BDMj . 

We now go back to the lattice vertex operator algebra Vl with L = Za. Its irreducible 
modules are Vl+^q for r = 0,..., 2fc — 1, and its irreducible 6'-twisted modules are for 
z = 0,1. We now compute qdimy^ directly. Notice from |DJX] that glob(V/;,) = 2k 
as each irreducible module has quantum dimension 1. Since the order of 6 is two, and 
X^To(r) = XyTi(r) we see that (qdimy^ = fc for z = 0,1 and qdimy^ Id^* = \/k. Of 
course, this is the same as before. 


5 Global dimensions and twisted modules 

Our main goal in this section is to prove fl4.7p for general g. The key idea is to prove that 
the sum of the squares of the quantum dimensions of irreducible fdC'.jxiodules appearing 
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in irreducible ^''’-twisted modules is |;glob(ld‘^) for any r = 0, ...,T — 1 where G is the 
subgroup of Aut(l/) generated by g and T is the order of g. 

Recall that V = is the decomposition of V into the direct sum of eigenspaces 

of g with eigenvalue 

Lemma 5.1. Let r G {0, ...,T — 1} and M an irreducible g^-twisted V-module and M\ he 
an irreducible -submodule of M. Then 

Proof. The proof is similar to that of Theorem 14.41 Note that Gy = G. We have 

1 ^-1 

Zyi(r;,r) = — ^ (1,/), 


T-l 


Zvg{v,t) = — (l,/),r). 

I<-^I .-n 


r=0 


Thus, 


^wt k; 


T-l 


Zyi(r;,-l/r) =^ ^ Ry,jv^ 7 vk,'r)e' 


2Txir jT 


\G\ ^ 

' ' r-=0 Ne.^ig'') 


pWt [u] 


T-l 


ZyG(n,-l/r) =^ Sv,nZn{v,t). 

' ' r=0 Ne^{g^) 

Note that for any N G ^{g^), N o g E ^{g"^). Using Theorems 13.11 and 13.21 immediately 
gives the desired result. □ 

Note from Theorem 12.111 that are the eigenvalues of F(V^) for the irreducible 

U'^-module V^. 

Theorem 5.2. Let r G {0,..., T — 1}. Then 


^(qdimyG Xf = -glob(U^) 


X 


where the sum is over the inequivalent irreducible -modules appearing in the irreducible 
g''-twisted V-modules. 

Proof. Note from [D,TX] that for any irreducible U^-module Z the quantum dimension 
dz = qdim^G Z = recall from |DJX] that glob(U'^) = —. Thus 


E E E '^vo.x 

^vGyG ^ 


X 


C2 _ 

^vGyG ^ 
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where we have used the fact that S'-matrix is symmetric (see Theorem 12 .lip . It is equiv¬ 
alent to show that 



X 


Set Xr = Yhx ^vG X- follows from Lemmas 12.131 and 15.11 we know that 


Sv=,x 

SyG^x 


/ ,X \s _ 2-KirslT 

I'c > ~ G 
^VG,X 


for any X as before and s 
have orthogonal relation 


G {0, ...,T — 1}. Using Theorem 12.111 and Proposition 12.121 we 


Syo^zSyG 


.z — 


^s ,0 


for any s. From Theorem 13.31 ^ya is a disjoint union of ^yo for r = 0, ..,T — 1 where 
^yG is the irreducible module appearing in an irreducible ^f^-twisted U-module. This 
gives a linear system 


T-l T-l 

^2'KirslT _ 


E 

r=0 


XrC 


E E 


?’=0 XG./^ 




n2 Sys^x _ e 

^VG,X~d - “ " 

hyG X 


s,0 


for s = 0,..., T — 1 with non-degenerate coefficient matrix A = So the linear 

system has a unique solution (xq, ...,xt-i)- It is easy to see that xq = xi = ■ ■ ■ = xt-i = ^ 
is a solution. The proof is complete. □ 


Finally, we have the following result: 


Theorem 5.3. Let g be an automorphism ofV of order n < oo and V satisfy eonditions 
(V1)-(V4) with G being the cyclic group generated by g. Then 


glob(U) = E (qdimy M)^. 

Proof. We have already discussed that for any irreducible twisted U-module M, Gm = 
G. That is each M itself is a G-orbit and irreducible U'^-submodules appearing in different 
irreducible gf-twisted U-modules are inequivalent U'^-modules (see Theorem I3.2p . Note 
that G is an abelian group and each irreducible twisted U-module is a direct sum of 
T irreducible U'^-modules. By Theorem 14.41 for any irreducible U^-submodule Mx of 
M, qdimyG Mx = qdim(^. As a result, the sum of square of the quantum dimensions of 
inequivalent irreducible U'^-modules appearing in M is T(qdimy M)^. Applying Theorem 
15.21 and Lemma [4.71 we see that 

(qdim^. Mf = ^ glob(U^) = glob(U), 

Me.jS({g) 

as desired. □ 
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We now give an application of Theorem 15.31 to a holomorphic vertex operator algebra 
V which only has one irreducible module up to isomorphism, namely V itself. 

Proposition 5.4. If V is a holomorphic vertex operator algebra and G a cyclic group, 
then any irreducible V'^-module is a simple current. 

Proof. From Theorem 14.41 the quantum dimension of any irreducible ^f-twisted P-module 
is greater than or equal to one for any g ^ G. Using Theorem 15.31 for each g there is a 
unique irreducible (/-twisted U-module V{g) up to isomorphism and qdim^ V{g) = 1. This 
implies that Gv{g) = G. According to a well known fact that any projective representation 
of a cyclic group is ordinary, we see that V(g) is a G-module. By decomposition fl3.ip we 
have 

V{g) = ©Aeirr(G)hFA © V{g)x 

where irr(G) is the set of irreducible characters if G. Moreover, each V{g)x ^ 0. Using 
Theorem 14.41 concludes that qdimyGU((7)A = qdimyU((/) = 1 for any irreducible V^- 
module V{g)x appearing in V{g). It follows from [DJX] that V{g)x is a simple current. 
□ 


Remark 5.5. Proposition \5.4\ is false ifV is not holomorphic. Here is a counter example. 
Consider the lattice vertex operator algebra Vl with L = Za and {a, a) = 2k. Let G be 
the cyclic group generated by theta which is the automorphism of Vl induced from the 
—l-isometry of L. We have already known that Vl has irreducible 9-twisted modules V^" 
with i = 0,1 with guantum dimension xfk. Each Vjf is a direct sum of two irreducible 
Vl -modules with guantum dimension x/k by Theorem \4-4\ If k > 1 these irreducible Vff- 
modules appearing in irreducible 9-twisted VL-modules are not simple current although G 
is abelian. 


We next compute the fusion rules for the vertex operator algebra V^ in the setting of 
Proposition 15.41 For this purpose we need to recall the quantum double D{G) associated 
to the group G from P, [DPR]. The quantum double D{G) is the Hopf algebra with 
underlying vector space C[G] <8) C[G]*, multiplication. 


(x (g) e{g)){y O e(h)) = dg^hxy ® e{g) 


and coproduct 

/\{x © e{g)) = ^ {x (g) e{h)){x ® e{k)). 

hk=g 

Clearly, D{G) is exactly the Aa{G,S) as algebras dehned before with trivial a. We can 
index the irreducible representations by {X,e{g)) for g E G and A G irr(G) such that 
X ® e{h) acts as 6g^hX{x). Observe that the tensor product of irreducible iA(G)-modules 
obeys the following rule: 


(A, e{g)) ® (/i, e{h)) = (Ap, e{gh)). 
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Proposition 5.6. Let V be a holomorphic vertex operator algebra and G a cyclic group. 
For g,h E G and A, /i G irr(G) we have 


V{g)xMV{h), = V{gh)x^. 

That is , the -module tensor category and D{G)-module tensor category are eguivalent. 

Proof. Note that each irreducible P'^-module V{g)\ is a D(G)-module which is a direct 
sum of iA(G)-module (A, e{g)). So V{g)\ Kl is also a D(G)-module. By Proposition 

15.dt V{g)\ V{h)^ is an irreducible P'^-module as V{g)x is a simple current. It is good 

enough to show that V{g)\ Kl V{h)^ is a D(G)-module with character {Xfi,e{gh)). 

Recall that the tensor product V{g)x Kl V{h)^ is a R'^-module together with an inter- 

R(5')a ^ I such that for any R'^-module W and 

V{g)x V{h)^ J 


twining operator y of type 
any intertwining operator I of type 


there is a unique R'^-module ho- 


W 

V{g)x V{h), 

momorphism 0 : V{g)x Kl V{h)^ —)• hP so that I = (py. We have already mentioned that 
D{G) = Aa{G,S) and the actions of and D{G) commute on V{g) for all g E G. Note 

dimensional as V{g)x Kl V{h)^ 

V{g)x K V{h)^ 

V{g)x V{h)^ 


that / ( 1 is one dimensional as V{g)x Kl V{h)^ is irreducible. 

We now define an action of D{G) on the space / ( 1 such that 

3^a;0e(fc) E y{{x ® e{a))u, z){x <8 e{h))w 

ab=k 

for X, k E G, u E V{g)x and w E V{h)^. It is easy to verify that 

( V[3), H V(h), \ 

ym.ik) e Y[g), V(h), ) 

is one dimensional irreducible iA(G)-moduIe. It is also clear 


and / 
that 


V{g)x^V{h)^ 
V{g)x V{h), 


yx®e(k){u, z)w = 5k,ghy{{x ® e{g))u, z){x ® e{h))w = \{x)p.{x)y{u, z)w. 

Thus, I isomorphic to (A/i, e{gh)). Now consider the linear map 

from / ^ ® such that y is mapped to UnW for any 

nonzero u E V{g)x and w E V{h)g and n E Q. This map is a iA(G)-moduIe homo¬ 
morphism. By inmi, there exist u,w and n such that UnW ^ 0. So V{g)x El V{h)g 
has a Zi)(G)-submoduIe isomorphic to {Xp.,e{gh)) and contains V{gh)x^i. As a result, 
V{g)xmV{h)g = Vigh)xg. □ 
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For general V the fusion rules are more complicated. However, we can determine the 
fusion rules among irreducible H'^-modules appearing in V using n. 

Corollary 5.7. Let V be a vertex operator algebra and G a finite automorphism group of 
V satisfying conditions (V1)-(V4). Then for any A,/i G irr(G) 

VxmV^= dimRomG{Wx(^W^,W^)V^. 

7 Girr(G) 

Proof. From |DJX] we know that 

qdimyG Vx^V^ = qdimyc 14 qdimyo I 4 = dim H4 dim W^. 

From [T], Ny'^y^ > dimHomG(H4 ® IF^, Wfi). The proof is complete. □ 
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